The MIT Faculty has made this article openly available. Please share how this access benefits you. Your story matters. Abstract The paper discusses a relatively simple method for determining large deflection states of arbitrarily curved planar elastica, which is modeled by a finite set of initially straight flexible segments. The basic equations are built using Euler-Bernoulli and large displacement theory. The problem is solved numerically using RungeKutta-Fehlberg integration method and Newton method for solving systems of nonlinear equations. This solution technique is tested on several numerical examples. From a comparison of the results obtained and those found in the literature, it can be concluded that the developed method is efficient and gives accurate results. The solution scheme displayed can serve as reference tool to test results obtained via more complex algorithms.
Introduction
The subject of understanding, modeling and determining large deflection behavior of flexible structures plays an important role in structural analysis and has been investigated for many years. There has always been a need to be able to compute deflections either for post-buckling analysis, estimation of rigidity of a structure or comparison of theoretical and allowable deflections, etc. For slender structural elements, which are subjected to various types of loading and can be easily deformed into states with large deflections within the range of small strains, a geometrically nonlinear analysis has to be performed to derive the equations of equilibrium [1] . Such elements can be used in engineering applications as, for example, springs, electric switch parts or partially compliant mechanisms, etc. It should be mentioned that there exist many assumptions which gave birth to theories for modeling large deflections. Namely, for slender beams, where the influence of shear stresses and the inner axial force can be neglected in comparison with the dominating inner bending moment, Euler-Bernoulli beam theory is the most appropriate and frequently used. Among the more accurate beam theories that consider the effects of shear stresses, Timoshenko and Reissner beam theories can be mentioned. For deflection of slender beams, it is known that these theories give equivalent results.
In the literature, one can find a large number of contributions pertaining to elastica problems dealing with large deflections of slender initially straight beams subjected to distributed loads or point loads acting at the end, e.g., [1] [2] [3] [4] [5] [6] [7] [8] . Contrary to that, there is a much less of works studying large deflection analysis of initially curved beams, see e.g., [9] [10] [11] [12] [13] [14] [15] [16] , or publications dealing with large deflections of beam composed of several initially curved members subjected to arbitrary loading state, e.g., [17] [18] [19] [20] [21] [22] [23] [24] . In work done by Faulkner et al. [18] , the segmental shooting technique is presented. The structure is discretized into a series of segments, and the equilibrium equation is linearized within the each segment, which means each one is undergoing only small deformations. Lee et al. [19] showed post-buckling analysis of elastic frame using elliptic integral formulation. Furthermore, a homotopy method and its comparison with some other numerical methods is discussed by Watson and Wang [16] . A discrete approach is proposed by Bunce and Brown [9] and Srpčič and Saje [14] , where a finite difference solutions to the governing differential equations are obtained. A useful tool for the solution of nonlinear elastica problem is also described by Somervaille [13] , where the quadrature matrix method is developed. Saje [23] , e.g., presented a finite element formulation of an arbitrarily curved planar elastica, where formulation is based on Reissner kinematic model.
Among listed numerical procedures, some of them are simpler to understand and use than others. The same holds for their generality, efficiency and formulation. By proposing this study, we aim to present a relatively simple and efficient solution method for the determination of the large deflection states of slender, arbitrarily curved planar elastic beams. Within discretization, the beam is divided into a series of segments in which each member can be deformed into states with large deflection. These slender prismatic or non-prismatic elasticae can be in general subjected to arbitrary loading and boundary conditions. The solution method is based on a simple formulation and is therefore easy to understand and use. Furthermore, it can be generalized to employ nonlinear material response or other physical behavior without major difficulties, [1, [25] [26] [27] .
Definition of the problem
Consider a slender arbitrarily curved elastic single branch structure of non-uniform cross section. Assume that the beam may deform only in the x y-plane. The beam, which is subjected to the various types of loads, is supported at both ends, see Fig. 1 .
The material of which the beam is made is assumed to be incompressible, homogeneous, isotropic and linearly elastic. The stress-strain relationship is mathematically described by expression σ (ε) = sign (ε) E |ε|, where E is the Young's modulus of the material.
Problem formulation
The elastic beam is modeled by a finite set of n initially straight flexible segments which are rigidly connected with their neighboring segments (rigidly interconnected). Each segment can be different from the other and is characterized by its constant geometry, constant loads and constant material properties.
Based on the description above, a successive beam discretization can be used; (i) discretization by shape of the beam: the beam is divided into n m members in which their axial shapes are defined by smooth functions; (ii) discretization by sections: each member from level (i) is divided into n p,k sections in which their crosssectional areas, moments of inertia (with respect to z axis), loads and material properties are defined by smooth functions, k ∈ {1, . . . , n m }; 
Note: A general smooth function from above, let's say f , defined in the local coordinate system 0ξη is piecewise approximated by a linear function, using the relative difference between the arc length
and the length of the straight line between two neighboring points, Fig. 2 . The next step is to find the maximal
within the prescribed relative error ε L and increment δ. Consider now a general linearly elastic segment of length L i , which is subjected to the conservative constantly distributed loads q x,i , q y,i , moments M C,i , M D,i and conservative point loads F C,i , F D,i with directions defined by angles α C,i , α D,i , as shown in Fig. 3 . Points C and D represent the starting and end points of a segment, respectively. Symbol γ i , i ∈ {1, 2, . . . , n}, denotes the inclination of i-th segment of the unloaded beam. It is obvious that
The local Cartesian coordinate system 0x i y i is introduced such that it coincides with the global coordinate system 0x y. The origin of the coordinate system 0x y is located at support A, Fig. 1 . Let s i , 0 ≤ s i ≤ L i , be the curvilinear coordinate along the longitudinal axis of the elastic segment measured from the starting point C and ϑ i (s i ) be the angle of inclination between the positive part of the x axis and tangent to the neutral axis of i-th segment at the local point s i .
Static equilibrium of an infinitesimal element of the deflected segment, cf. [1] , together with geometrical relations
and expression
, where I i represents an area moment of inertia of i-th segment, results in
, i x x , i y y The governing differential equation (3) together with the accompanying boundary conditions characterizes the large deflection behavior of i-th segment subjected to the constantly distributed loads, moments and conservative point loads at both ends. The inner forces F x,i (s i ) and F y,i (s i ) are determined from the static equilibrium in the cut off part of the deflected beam over i-th segment at s i , see Fig. 4 . Accordingly
and
The set of governing second order nonlinear differential equations (3), for i ∈ {1, 2, . . . , n}, is solved numerically using Runge-Kutta-Fehlberg (RKF) integration method, cf. [28] , together with accompanying initial conditions
where
, represent the change of the angle of inclination between two neighboring segments. ϕ is the unknown angle of inclination of the deformed beam at s 1 = 0 and μ = −M C,1 / (E 1 I 1 ) in the case of hinged support A. In the second case, where support A is clamped, ϕ = γ 1 and μ is the unknown curvature of the deformed beam, Fig. 4 . Since there are up to three unknown parameters in the numerical calculation, i.e., A x , A y and ϕ or μ, the solutions of ϑ i (s i ) are obtained by employing Newton method for a system of nonlinear equations, cf. [28] . Additional conditions relate to support B and are in general written as
Solving the governing differential equations (3) together with two boundary conditions (6) and (7) i i s Determining the inner forces for -th segment using Eq. (4) and (5) i
Solving differential equations (2) together with boundary condition (9) and ( if the support is hinged, or clamped, and if the support constrains displacements in the horizontal direction or in the vertical direction, respectively. It should be mentioned that the Jacobian matrix in Newton method is generated using numerical differentiations at fixed increments ΔA x , ΔA y , Δϕ or Δμ = 10 −8 . The deflected states of the segments can be determined from geometrical relations (2) together with boundary conditions
A more detailed numerical procedure is presented graphically in Fig. 5 . When the solution of the problem is obtained, the remaining reaction forces and moments can be determined by the following expressions, cf. Fig. 6 , 
Numerical examples
Based on the numerical procedure presented above, the deflected states for various problems are shown in this section. Additional conditions are satisfied within a tolerance ε p = 10 −8 .
III Euler case
Consider a hinged-clamped prismatic beam subjected to axial force F, see Fig. 7 , which is defined by expression F = λE I /L 2 . Constant λ represents load factor. The same problem, which is also known as III Euler column, was investigated by Levyakov and Kuznetsov [6] , where the exact elastica solutions expressed in terms of Jacobi elliptic functions were used. The deflected states are shown in Fig. 8 and the results of the determined displacement δ x obtained by our method and the method presented in [6] are listed in Table 1 . A good agreement of results is observed.
Square frame
Mattiasson [21] presented highly accurate results for some large deflection problems analyzed by means of elliptic integrals. One of them is a square frame loaded at the midpoints of a pair of opposite sides, see Fig. 9a . Since it is a symmetrical problem, both ends of a half of the frame can be clamped, where in order to satisfy the conditions of symmetry, displacement of one support in the x direction is left free, Fig. 9b . As in the previous example, the frame is loaded by load F = λE I /L 2 . Deflected states are shown in Fig. 10 whereas the results of the determined displacement δ x and δ y obtained by our method and results given in [21] are listed in Table 2 . It is found that the results of both methods are in excellent agreement.
Half circular arch
Consider a half circular arch of radius R and uniform cross section. The beam is subjected to a constantly distributed load q y = λE I /R 3 , see Fig. 11 . The deflected states depending upon the number of segments n, where L i = const. for i ∈ {1, 2, . . . , n}, are shown in Fig. 12 and Table 3 . In order to validate the presented method, the governing differential equation describing the large deflection behavior of a simply supported uniform curvature beam subjected to constantly distributed load q y , i.e.,
together with boundary conditions ϑ (s = 0) = 1/R and ϑ (s = π R) = 1/R was solved using RKF and one parameter shooting method (OPS). The expression for the inner moment is given as M (s) = E I ϑ (s) − 1/R , [10] . 
Tapered and prismatic angle frame
An angle frame subjected to a point load F = λE I /L 2 is composed of prismatic and non-prismatic members as shown in Fig. 13 . The non-prismatic member has a tapered longitudinal shape, where I (η) is defined as
and is divided into n s,3 segments of equal length, which is determined by discretization of Eq. (16), see Fig. 13 , i.e.,
Deflected states upon the number of segments n s,3 are shown in Fig. 14 , Tables 4 and 5 . If now support B is considered as a hinged support and the non-prismatic member as prismatic, where I (η) = I , the Lee frame can be obtained, cf. [19] . The graph of equilibrium solution's function which is represented by the relation between the load parameter λ and vertical or horizontal displacement δ F x or δ F y , respectively, Fig. 13 , is for the Lee frame presented in Fig. 15 and listed in Table 6 .
A good agreement of results between our method and the method presented in [19] is observed. 
, is inclined to the positive part of the x axis at an angle β = 15 • and is subjected to the moment M = λE I /L at midpoint, ξ = L, as shown in Fig. 16 . The beam is discretized by n = 84 initially straight segments, where a relative error ε L = 10 −4 and increment δ = 5 × 10 −5 L were used. The deflected states are shown in Fig. 17 , and the results of the determined displacement δ x obtained by our method are listed in Table 7 .
Composed beam
A composed beam assembled from polygon lines, a circular arch and sinusoidal curve, which is described by the function f (ξ ) = L sin π 2L ξ , 0 ≤ ξ ≤ 2L, is subjected to a constantly distributed load q y = λE I /L 3 and conservative force F = 0.2q y L, see Fig. 18 . The deflected states are shown in Fig. 19 , and the results of the determined displacements δ x and δ y obtained by our method are listed in Table 8 . Here, the circular arch is discretized by n s,2 = 34 initially straight segments of equal length, whereas the sinusoidal member is discretized by n s,4 = n s,5 = 21 segments (ε L = 10 −4 , δ = 5 × 10 −5 L). As it can be noticed, the results obtained in this study are in good agreement with those found in literature.
Conclusion
A relatively simple and efficient numerical method for determining large deflection states of arbitrarily curved planar elastic beams, which are subjected to arbitrary loading and boundary conditions, is presented in this paper. The advantages of proposed method are its simplicity and generality of formulation. The beam is divided into a series of segments, where each of them can be deformed into large deflections states. This means the beam may be discretized into less segments, especially for initially straight parts of the beam, where only one segment may be sufficient. The boundary-value problem is transformed to a series of initial-value problems. In comparison with a classical finite element method or any other, which is more complex, the proposed method is easy to understand and can be employed without any additional difficulties even if the material exhibits nonlinear response or any other physical behavior. A disadvantage of the proposed method may be the need of solving nonlinear differential equation for each segment of the beam in each iteration step of the Newton method-but should not be too cumbersome for modern desktop computers. Furthermore, the selection of initial conditions may be in some cases problematic. Nevertheless, this can be easily avoided by employing the loads changing incrementally. An aspect of finding special points and branches of solution on a characteristic curve (an important task, especially in stability analysis) was not covered in this study. A continuation algorithm could, e.g., be incorporated and thus supplement the proposed method to make it even more universal. Our primary attempt was to set up a simple, quick to learn, and efficient method for finding large deflection states of beams, which can be used alone, and/or as an auxiliary tool to check results obtained via more complex or any other novel algorithms.
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